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ABSTRACT

In the field of applied mathematics, fractional calculus is used to contract
with derivative as well as the integration of any power. Different definitions
of the fractional derivative have been introduced in the literature. For
example, these are some important definitions of fractional derivatives,
Riemann-Liouville derivative, Caputo derivative and conformable derivative.

Recently the generalization of the conformable derivative has been given
as M-fractional conformable. Fractional differential equations (FDES)
“equations involving fractional derivatives” are employed invarious areas
of science and engineering and others [1-5] have widely been interested.
That’s why they have gained many attractions from many researchers. To
acquisition, the analytical solutions of the FPDEs is a conspicuous look of
scientific research.

Key Words: Fractional Derivative, Riemann-Liouville derivative, Conformable
derivative and numerous scholars

INTRODUCTION

onsequently, numerous scholars have developed some persuasive

methods to acquired approximate and exact solutions for these types
of FPDEs. In this investigation, the truncated M-fractional conformable
(STO) and (3 + 1)-dimensional KdV-ZK equations are considered. The
novel method: (m + G’ )-expansion method are utilized to extract the exact
solitons of the aforesaid model equations. Different definitions of fractional
derivatives have appeared in the literature. For example, Reimann-Liouville
[1], Caputo derivative and conformable derivative. Despite these two most
recent definitions are reported as M-fractional conformable and beta
derivatives. Many powerful techniques have been reported in the literature
for finding exact solutions, see for example [5-9]. Fortunately, it is possible to
establish a traveling wave transformation for a fractional order PDE which
can convert it to a nonlinear ordinary differential equation (NODE) that
can be easily solved by using a variety of different methods. There are many
distinct techniques have been applied to gain the exact solitons of (STO)
and (3 + 1)-dimensional KdV-ZK equations like : F-expansion method and
Improved - expansion methods are used to obtain the bright, dark 1-soliton
and other soliton solutions [10], new extended direct algebraic technique is
implemented to gain the number of new type of solitons of the conformable
fractional (STO) equation [11], dark and bright optical solitons gained by
variable coefficient method [12], dispersive exact wave solutions are observed
by modified simplest equation method [13], different optical solitons of the
(STO) equation are achieved by applying the extended trial method [14],
Extended sinh-Gordon equation expansion scheme has utilized to obtain
different types of optical solitons of STO equation [15], extended auxiliary
equation scheme is applied to gain the dispersive optical wave solitons of
time-fractional (SH) equation along power law non-linearity as well as Kerr
Law non-linearity [16], undetermined coefficient method is implemented
to gain the distinct kinds of dispersive exact solitons in the presence of
several perturbation terms are achieved [17], with the use of tanh- coth
integration algorithm dispersive solitons in optical nanofibers are obtained
with constraint conditions [18], by using the Sine-Cosine function method,
different exact solutions are obtained [19], Sech, Tanh and Csch function
techniques are utilized to gain the optical solitons of (STO) equation along
Kerr law non-linearity [20]. There are many applications of the Sine-Gordon
expansion method and (m + G/G) -expansion method. For instance, with the
use of Sine Gordon-expansion scheme, distinct kinds of solitons of the non-
linear time-fractional Biological Population equation and the Cahn- Hilliard
model have been obtained in [21], hyperbolic and trigonometric functions
solitons to the non-linear reaction diffusion equation have achieved [22] etc.

Similarly, (m + G/G)-expansion method has been utilized to solve the
Pochhammer-Chree equations for bell-shaped, kink-shaped and periodic
type solitons of with the help of this method [23], discrete and periodic type
solitons of the Ablowitz-Ladik lattice system are found [24] etc.

To find the exact solutions of integrable partial differential equations is
the most interesting topic. Therefore, we will solve two integrable model
equations namely space-time fractional Sharma Tasso-Olever (STO) and
space- time fractional (3+1)-dimensional KdV-ZK equations for a variety
of solitons with a novel derivative operator by employing (m + G/G)-
expansion method: Abundant M-Fractional Exact Solutions for STO and
(3+1)-Dimensional KdV-ZK Equations via (m + G/G)-Expansion Method

2 Description of (m + G'/G)-Expansion method

In this section, the basic concept of the (m + G/G) method are illustrated
as bellow:

Step:1

Assume that the general form of NLPDE is expressed as

P (u, ux, ut, uxx, ....... ) =0. Q)
Suppose the Wave transformation takes the following form:

u(x, ) =U (&), &=x+v() 2
Inserting eq.(2) into eq.(1),we obtain

PU,U, U, ... ) =0. 3)
Step:2

Suppose that the trial solution of eq.(3) is given by

ug = = edm +F) =conlm + F)7" + +o+alm +F)+  +oalm+F)” @]
wheref-c_nn, n=0,1,,,,,,,,nand mare nonzero constants.

According to the principles of balance,we find the value of n.In this article
we define F as

Fo S
=) ©)

where G(&) satisfies,the second order nonlinear ODE:
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GG = pGG’ +qG2 +r(G')2 (6)

The Cole-Hopf transformation F = In(G(§))& = G’(€) reduces equation into
the Reccati equation

F'=q+pF+(r—1)F2 ]

Substitute equation (4) including Eq. (7) and Eq. (5) into Eq. (3), then we
will obtain polynomials in [d + G*(&) ]j and

[d+G(€)1-5.(3=0,1,2,3,,N).

Collect each coefficient of the resulting polynomials and let it be zero. We
can obtain the following twenty seven solutions [25-46]

APPLICATIONS
STO equation by (m+G’/G)
Consider the space-time fractional order STO equation
Dou(x, t) + 3k(DBu(x, t))2 + 3kuu2(x, t)DBu(x, t)
t X X
+3ku(x, )D2Bu(x, t) + kD3Pu(x, ) =0,t>, 0 <a, f< 1 (8)

Using the transformation

&+ 1)

ux,h)=U @< = il Lx® — It=) 9)

((8)) can be changed into an ODE eq ,uation
’ 2 72 2 7 2

rrr

luu +3kp (u) +3kuU U +3kp UU +xu3U =0 (10)
Using the balance principle we get n =1, so eq. (4) reduces to
UE=cl(m+F)-1+cO+cl(m+F) (11)

After solving the algebraic equations of (10) we obtained variety of solutions
as follows:

Case 01

c=u d?(r—1)—dp+q,c,=c,c,=0,
I=x=3cu(p—2d(r—1))+3c+u23d?(r—1)>—-3dp(r-1)+p*—qr+q (12)
Case 02

c¢c-1=0,cl=p—pr,

I = x=3cOu(p — 2d(r — 1)) + 3c2 + p2 3d2(r — 1)2 — 3dp(r — 1) + p2 —qr + q (13)
Case 03

c-1=2ud2(r-1)-dp+q,cl=0,c0=p(p—2d(r—-1)),

| =xkp2 p2 —4q(r —1) (14)
Case 04

c_=pd(r-1)—dp+qc=p—urc =0l=ku?p>—4q(r—1) (15)

Case 05

c-1=0,6,==2(pur—p),c,=p(—(p—2d(r—1))), I=ku?p?=4q(r-1) (16)
Solution 1

(Corresponding case 01)

Type 01: When p2 —4q(r —1) >0and p(r —1) /=0 (orq(r — 1) =/ 0) the
solution of Eqs(10)

uilc t) = co + ey dgias 17y

d_ * b+ BT aalr- Dtanh( T g

udr—1)—do+a |
uax, £) = co + 3 ~ Ty (18)
= sy [p+ BT — dglr— Dgotht 7T al

us(x t) =cs
u.dr—1)—dan+a

“_ T 5T Falr - Ditanhl o= £) = sechl-. ~ B WY spygy
= 2(r—1)
ua(x, t) = co + . “‘,:ﬂﬁ_ < > (20)
d— b+ ¥ pT=ag(r= Ditcathi—E—5"—1-§) = cosechl. pT=ag(r= 1))

2(r—1)

udir—1)=do+g

us(x ) = co+ V= ar—1) "*¥7 " p2 — galr— 1Mtankl TG
u-ddr 1) do+rg- —

1= s BRI (21)

us(x t) = co + (22)

22— v T NoT—agir—1)8)-
L\su:\h/. 22—aglr—1)§)+85
~—_utdir 1) dota- — .
uslx t) = co + —=grr=Trer (23)

20—~ NITagr—1)a-+s

4 sinbi..
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Where Aand B are two non-zero real constants and Satisfies B2 — A2 >0

Figure 1: Solution of (17) whenp=3,r=2,4=1,x«=0.08, p=0.8,¢c =02.5,
d=0.05p=2.

-10 -5 0 5 10

Figure 2: Solution of when (17) when p=3, r=2, g=1, x=0.08, u=0.8, ¢ 2.5,
d=0.05, p=2.

Figure 3: Solution of when (17) when p=3, r=2, q=1, ¥=0.08, u=0.8, co=2.5,
d=0.05, p=2.
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Figure 4: Solution of when (17) when p=3, r=2, q=1, x=0.08, p=0.8, co=2.5,
d=0.05, p=2.

Figure 5: Solution of when (17) when p=3, r=2, q=1, ¥=0.08, u=0.8, c,=2.5,
d=0.05, p=2.

J Pur Appl Math Vol 5 No 3 May 2021



Abundant M-Fractional Exact Solutions for STO and (3 +
1)-Dimensional

T T T T T
udir—1)—-do+a
us(x t)=co+ = (23)
. 2qeashi B _Zat _l)“ 800 4
pi—ag(r—1) slnh(¢f)—p cosh "‘»‘:L’“’ 8
wdir 1) da+a- —600 ]
us(x, t) = co + = (25) =
5 i g ¢ = -
N 5400 | B 1
psinh(—E= g Toaagr—y) cosh(—EE=Y g - =08
B o B —a=10
w.dr 1)—dp+g
wislx, t) = o + (26) 200 1
5 e,
P ainhl 7 —2al—T8)—p cohl PE—Aal—NRE(  P—aar—1) N l L N
w.dr 1) dao+g- 0 & . A= - -
unlx t) = co+ = (27) -10 -5 0 5 10
d+ . s =T i
—psiabl PI—dalr—1)E)-  pi—datr—1) casbl P-da—NRE  Pr-aai—1) X

st )= o+ = Figure 7: Solution of (29) when p=1, r=2, ¢=1, k=0.06, p=0.5, ¢ =4.5, d=0.08,

d+

~ww_ﬂm—m £)22 pT=ag(r—1) cosh( _&mr;x = F=agr=T ﬂ:Z
(28)
Type02: When p* —4gir—1) <0 and gr O (amir — 1) /= O)the Solutions of Egs(10)

o ndir—1)—dp+g_

A s = — — e
d+2,[ p+\4ﬂ(l’*l)’ﬂlfanl astr—2) 02 §)]
— udr—1)—dn+a
wraras es = — v
@ B e s 22 8)]

w.dr 1) do+a_
uistx )= co+ (31)
d+32l-p+ 4qlr - 1= pAtan( 4alr = 1) - prA)=sec( 4a(r - 1) - P

. u.dlr 1) da+a-
P e — (32)
d==Jp+ 4gqlr—1)- pilcotl 4qlr— 1) - pe)=cscl 4glr — 11— P71

sl £) = ok A - (33)
detriaps Vage oy i gl Demdare: o
sote= 1y F i Do PATERErS
el d+ * |-p+ ‘ A
- . wade 1) TAETE
wslx, t) = co+ + (a2-B3(dalr—1)—pA—A 2a(r—1)1—p? 0.0
S J

Figure 8: Solution of (29) when p=1, r=2, g=1, x=0.06, u=0.5, ¢, =4.5, d=0.08,

-
cos( agtr—11—p) ﬁ:z
(32

2r Aznl Aalr—1)—pis
u.dir 1) dp+g-
wis(x t) = co + 1 . - (35)
d+ - |-p— % (AT=s%iaalr—3)—p?-aealr—3) = cosl salr—3)=p%)
= Asinl  dalr—1)—pi)5

Where A and B are two non-zero real constants and Satisfies A? - B2 >0

udir—1-do+a

R
- 2qoesl——_— 4
e e I g ooy MR g la(x|

vzlx, t) = e + (36)

w.dir 1) do+g-

waslx, ) =co+ (37)
“y; 9 K i
—p sk TR
wzalx, t)=co+ L P s (38)

a- 2 E .
e R P Sy

AL lﬂgr_,) a?_:q- (39)

10
e e — Figure 9: Solution of (29) whenp=1,r=2,=1,x=0.06, u=0.5, co = 4.5,
—:&_T_ (40) d= 008, IB= 2

uzs(x, t)=co+

uzalx, ) =co

2 ssiziset sstmnize? o N e Nasteonzety Voo
Type:03 When g = 0 and p(r— 1) /= 0 the solutions of Eqs(10)
wGHr 1) dpta
vl t) =+ T (41)

A AT
ur-1)-da*gq
s . o
Type:04 When (r—1) /=0 and g =p =0 the solutions of Egs(10)

la(xhl

pFr-1-do+a

uzs(x, t)=co+ = (43)
Solution 2(Corresponding case 02)
Type 01: When p* — 4g(r — 1) > 0 and p(r — 1) /= 0 (grg(r — 1) /= 0),the Solutions of Egs(10)
1 N Ny =1
vl = e - plr =10 5 le+ D}—M(P-I)SAMIWUH (aa)
1 P — =
vl t)= e —plr= 1Yo 5 e+ P* — ag{r - 1) coth( as)
wlet) - -ulr-1) ‘ ‘ ‘ - Figurel0: Solution of (29) when p=1, r=2, g=1, ¥=0.06, p=0.5, c,=4.5, d=0.08,
1) e e F-dalr-11 —
5 r—aqrr—mm(—’gi TE e p=2
r e il - Gl ) K R VI W R V5
_d VETEroT A—r il 8) = caplr=2)(ae o _ gy [P s e
1) = comlr—L)(d— B —aglr— Weothl — — " ecoeecny B0 —4glr - L) (47) L
vl 1) = el 5y e H ] Where A and B are. two non-zero real constants and Satisfies 820 2: 36 8
V. -
1 am—E [ O N P o ]
= —paf r— — — - tanh( — 11 48] cosh D’-So‘,'—:\
vl 1) = coplrtl(a= , _F,[20* _P‘ dalr ¢ 3 9 1 2 slx, 8) = o — plr - 1){d+ Zﬂ,,x - £) —) (s1)
£ / ; ] T ==
N - il ) PN (2 Ol I ) A
el 8] = ag{r-1)g+ 5, et v = T sinx o —2q sigpl Ty .
(a5) BRIy v T
250 S, P mTE RSN Ve ke
Ky
~ uslx t) =co —plr - 1)(d + Ze =9 (53)
200 i .. Psiph( "pT —4alr —1)%) —poshl " p7—4qlr— 1) =t p* - ag(r — 1]
=
7. Ly
P R [ —— - i
> -psih( p* —4g(r - 1)§J+ p* —4q(r— Ljcosh( p* —4g(r— 1
=150 (s4)
3 R RS draimbd TR il P2=li=1) 1y

EI.OO ~2p siphl EErer ) soshl EErr=n a9+ 2\p2 et == - " pP-dalr-1)
Type02: When p* — 4g(r — 1) < 0 and gr /= 0 (grg(r— 1) /= 0),the Solutions of Egs(10)

50 usslx )= ca — plr— 1)(d+ Zr_](_p Tale-1-p g@&uu (s6)

0 1 =
Uslx t) = o~ plr = 1)fd - ) [p+ w4alr- 1)- P gerl (57)

-10 -5 0 5 10
X uislx ) = e
—u(r- lllfh 4’[-;’* 45(r-12)- p‘(wn( Tar-1)- o= se:( 4q(r 1)-p2)) (fi!)
i . i - — — — — — — z: aqr 1) aair

Figure 6: Solution of (29) when p=1, r=2, g=1, =0.06, u=0.5, ¢ =4.5, d=0.08, 0 il 3 o TR 2o - sy T o s

=2. " 4, Y @ GC 1 59 A T D Fedl 3l 1 p0
ﬁ vsele t)= co - pulr- 1)d+ , [-p+ Asin( 4g(r-1)-p*%) + 8
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(A2 B3)(4q(r 1) p3) A 4dg(r 1) pPengl 4g(r 1) p3)
Asin(” aqir=1) - p) + & w

a
Buolx t)= co— plr— 1){d+ 2r[—p +

W E: g N (1)
2 = (A7 —BN(alr—1) - ) *A 4g(r—1)— p* cos( dglr — 1) - pF)
wislx, ) = o — plr— 1)(d+ 2r[—p - T
-2 1B (62)
Where Aand B are two non-zero real constants and sitisfief! #2220
Uslx. ) = - plr— Ld - - ) (83)
dalr= 1) - p? sin( 22222 g 4 p cos( 2
a1yl
20 sind ST gy
uz(x t)= ca = p(r = 1o + — 3 < —) (64)
—p;jn(_‘.‘ili_T‘-:i..f] + dqir— 11— p~ cosl —;‘-si."—;’-a:L(]
uznlx t) =co = ulr=1)(d - v
B 4g(r = 1) = p¥sin( 4g(r = 1) - p%) +pcos( 4glr - 1)-p%) = 4g(r — 1) - p*
(e5)
N
20 sipp LI g
uzlx, ) = co-plr— 1)(d+ . v
-psin( dg(r- 1) - p)+ 4dalr - D—prcosl 4alr- 1) - PRI = dalr-1) - &
(66)
v v
T Y ol S ) cos{ 1= LY g Y ,_(s'nﬂ tyaad)
Type)3 When g =0 and p(r— 1) O the solutions of Egs(10)
ussl, 8 = e —alr - 1) +—————20——— (68)

dld + cash(pf) - sinb(e)]

plcoshlat) + siah(af)]
uzelx t) = o= plr = 1)d = ——— ) (63)

BB T HEAT
Solution 04 (Corresponding case 04)

Type:04 When (r-1)/=0andq=p=0the solutions of Eqs(10)

1

Uz (X, t)=co—p(r—1) (d7r§+c) (70)
Applications

4 Kdv-ZK equation by (m + G'/G)

Space-time fractional Kdv-ZK equation

consider the space-time fractional Kdv-ZK equation [19]

D% + auux+ uxxx+ c(uyyx+ uzzx) =0,t >, 0 <a <1 (71)
and the transformation
(g +1) 2
ulx, v, 7, 1) = UE) E=fxtytz) - — = (72
o

Where xis nonzero constant,which on substituting in (71) give us the
following ODE

—kU +aUU +(1+2c)U""=0 (73)

U(§=c_ (m+F) 1+c +c (m+F)+c (m+F) 2+c (m+F)? (74)
1 0 1 -2 2

Case 01

_12(2c+1)(r—1)(p = 2d(r — 1))

a [75)
k=oca+(2c+1) 125%r— 1)*— 12dpir— 1)+ p*+ 8gir— 1)

-z =0.c—1=0. 2

Solutions corresponding to Case 01 Typz 01 Wheng*—4gir — 1) = 0 and plr— 1) = 0 (grglr — 1) = O),the.
Solutions of equation(73)

N
— i le+ " F — dalr— 1 monl ST (12(2e+ 1)r - U(29r — 39— p))

D E

. N
12(2c+ fr- 17 (@ - —F=[p+ o7 = aqlr= Meann( =20 g)r
— = . +co (76)
¥
g- et N TR Teothl ETE g 12(2e + 1) - 1)(26r - 24 - p))
walx, £) = =
12(2e+ 1)ir— 1) (2 -
— - +ea (77)

N
lg-— e+ &7 — dalr — Uimnnl 22 g sch( " g = aglr — INNI(A2(2e+ Lir — 1)(2r — 2 — p))

I
20—

us(x 1) =

oo

(72)

o
. v .
1220+ 1)ir- 1 (@ - —f=p+  p* — dqlr= Ditannl = sechl p? - dq(r- UDIF
a

Ve _
P =1 "= Tl = Disethl £ 5= cosechl p? =l — TN {1212 + 17 = 1)(2er = 2= p))
ual(x, t) = -
p e, .
12020+ 2)fr- 1) (9 - i e+ P = dar - Dieathl T T £ 2 cosechl 50 ST - OTIR
f +es
a
178
. Vo — [ —
- (-5 20+ 67 = a0l - itanh(——=—"§* coth( “—=H(12(2c+1)ir - 1)(20r- 2d - p))
u=(x, T} =
1202+ Dir - 17 ld - 20+ g7 = Tatr= Ditannl " ) # cotnl 2T
i e
a 120
N J N
fra 1 [ps (AT+8T)(pT-solr-1))oA pE-to(r-1) zasnl p%—2(r-1IE) 3(13(9r 4 THr- 1434 I miL
PR — = -
1 ,\_‘ﬁ aal 1 N
- 1)F 1 - s <
12(2c+1)ir- 17 {0+ gig-lp+ YA I ve (21)
=
a

46

tas ta= —0C=TE) 131909 4 VW= 1MIde= 3= AN
P —
12(2e+1)(r- 2% ( Lalo e 2
+eo
Where A and B are two non-zero real constants and Satisfies 82— 47 >0
(82)
i - . WiLiLLT LN = Ancur — 2u = unt
e
T—aa—1) sonl T PT—sgl—a o
P e 5 £ cosn - s
12(2c+1){r 113 (d+ @(§)?
| R0er 1Erel@r
a
=20 ginpl, T Mg
(d+ - = W12(2c+ 1)(r = 1)(2dr - 2d = p))
ua(x, t)
12(2c+14r— 1) (d+
= +c  (89)
(d+ ==t ] —— —}(12(2c + 1)(r = 1)(2dr - 2d - p))
vy )= 200 22— ap—) cosn n’—uy—x.s.s’; 2—dalr—1)
v
12(2c+1){r— 1) (d+ = £
" Pioselr s piodaoll L o (gg)
v
(a+ s = WL22c+ )ir = 1) 2ar = 20 = b))
5 —penbl PTGa—1l  pi-—dab—1) coshl pi—sabr—1l6% pi-—sair—1)
unly €)= =
e
L2l2o+1lr— L) [0+ ae e . 3=
- TRl pP-aclr—1) eshl pi—dalr—llk  pP—dair—1)
_ +cz (86)
a
g+ 12(3¢ +1)ir = 1)(2dr — 35 = 12(2c+Uir 1) (d+ @(€)?
vzl t) = = - ————————————— +.cx (87)
a

Type02: When g® - 45(r- 1) <0 and gr/= 0 {grgfr- 1) = 0),the Solutions of eguation(73)
v
(g+2 [-p + 4GP =T =p Tan| SEa2i20+ 1)(r — 1)(2dr - 20— p))
a
. ¥
12(2e+ 1)jr-1F (g+ 2 [-p + Y agr=Ir=p tan| =
I

vaslx, 7)=

+oo (28)

o = Bt AR~ 1~ et 2026 + 1l - (e - 20— B))

@ - By
12(2c+ 1)fr —1F (o 71—: [+ Fgtr=Tr=pcot T 7 ) '1”]]’

4o (28)

sl = [+l p+ aslr 1) gitenl dalr 17 P sel dalr 1) pI2(c+ 1l - i2er 28 o)

12(2e +1)fr — 1) (d+ 2 [p + * AgtF =T =B Aq(F =T =P sec( " dg(F=T=FIIF

+eo
(50}

(g— [p+ 2ot 2 g 2= csel 4l R 12(2c + 1)(r - 1)(2dr — 24 - p))

ralx, £)=, s

a
12(2e + 1{r = 11 (d= = [p+ “dalr — 1) - pleorl  dalr — 1) - p2) £ asel dalr — 1) - A

4o (81)

. v
(d+2[-2p + " 43[r— 1) gilrani °

)(12(2c+1)(r ~ 1)(2dr - 24 - )

waslx )=
2 i L — +e (92)
12{2c+1)(r= 1) (d+2 [-2p+ 4glr- 1) - gian{ T8 - coth( G
5 5
=1 et ¥ 2 & ¥ coe| ]
(g+30-p+ e s 11226 * 2)(r - 1)(2¢r - 20 = p))
waslx, £} a,
oV Vo x
st == r=rr=rt s smT=m=Tn 2
12(2e+ - 1) (d+g[p+ s ——=
+eo (93)
z
5 5 5
=1 et ¥ ¥ agt + ol + 4
a+3[-p- FETTA I
lg+3]-p s 1)(12(2¢ + 1)(r —1)(2dr — 24 — p))
was(x, £} a,
3\ \Arr—r'—n"* I\AZ'FI:'_FE‘
A =BT =IT=EATR  aatr=TI=5*—cas >3
12(2c+ 1)fr— 1 (d+2[-p- TR T=FTRE
- +oo
Where A and B are two non-zero real constants and Satisfies 4% =87 >0 (34
- Hiclec+ Lir— Lizar - za - on
satr—tl—p? am SR g ooy 85T
ol 8)= S
it
. -
12(2c + 1)(r- 1) (g~ :
t == =I5 sl _ Sk rocosl | o T s:)
= +ea (95)
(a+ (12(2¢ + 1)(r = 1)(2dr = 20 = p))
uzlx, t) =
1
+c (96)
- ~ 10— anzar— 0= oy
T Sar—11—5% ool Sar—i-tie conl _Ser—D-pra=
1z1zcmnr = 1 10— _ s
= = cosl 2T oo (97)
a
N
s
@ s R WLzLZE= U= L)i2ar = 20— B
unlx €)= — =
12(2c+1)r 1)3(d + 0(£))?
- D RO s g
a
(g+ 12(2c+ 1)(r— 1)(2dr —2d - p
e )= TE

12(2e+1)r - 1) g+

Type03 When g =0 and p(r — 1) /= 0 the solutions of equation(73)

(@+_____ Zed  )(12(2c+ 2r~ 1)(20r - 20 - p))

12(2c + ti=af Koy

= +co  (100)
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(g — —Slcesnleglesionlodl )13 (20 + 1)(r - 1)(2dr - 2d — p))

uze(x, ) =
a
2 sleoshiagesnniag]l )2
i 1202c+ 20 11209 T TP
a

Solution 04 (Corresponding case 04)
Type:04 When (r— 1) /=0 and g = p = 0 the solutions of equation(73)

(g =—2—)(12(2c + 1){r — 1)(2dr - 2d - p))
csnca

g e )

a

Case oz

12(2c+1).gi{r 1) da+g-* 12(2c +1)(2d(r—-1) —p) (r— 1)~ gdp +q
= — L Cmz = = (103)
0, k=00 +(2c+1) 128%r— 1)* - 12dp(r— 1)+ p= + 8q(r— 1)

2=

o.c

Type 01: When p*-4g(r- 1) > 0 and p(r- 1) = 0 (arg(r- 1) /= 0),the Solutions of equation(73)
12(2c+1)(2dr-2d - p) *r—F —gp+g

ald_ 20y [P+ T =gl — 1y zanhl wﬂ])

12(2e+1) Fr-di-dp+ g’

ad. * o+ Foear-Digannl C 2 O

uilx, )=

+c  (104)

12(2c+1)(2dr-2d - p) FFr—F —dp+a

uz(x, t) = = = =
ald. o+ F-aglr-1) eawt, “Eg))
- 12(2c+1) Fr—df —gp+q ” o
V— e
ald. gl - D seanl 20 g
sy _12(zc+ (2= 20~ p)} Fro-F-dpra
ald. T lp+ Y T aair Thanh( S+ isechl, | 7= dalr= T}
12(2c+1) Fr—of —gp+q ’ ve (208)
ald- T o+ " FTaa = Tisankl —=—2 ) % isechl " = aAr=T:
— : 12(2c+ 1)(2dr— 2d = p) Fr—c* —dp+ g ;
ald. 7 o+ gl iTeanl 20 0+ caseetl” F=aF=TN)
12(2c+1) Fr—cF —gp+q e TS
— 3
ald- % [+ F=aar— Tieath =42l ¢ cosechl 57— daTr= TR
12(2c+ 1)(2dr=2d - p) Fr—=c* —da+q
us(x,t)= - 15U Gi dalr— Ditanhl ST v wee
_ _ 12(2c+1) oo 2 = - +co (108)
. T e+ = agir= Disannl £)% com(~=E= R
1202c +1M2dr™ 2d ol dir di dotoz
us(x, £) = ; === Pr=gTr=reT
Ar= vt Aw_\ 22—dalr—1)61+8
1202c+1x g & +g-:
= =B = e (109)
= aenie T VoT—sai—1iglE
A cnoten
122c+1M20r~ 2d o) gir & doraz T
us(x, £) = 8 . e T tr—iet
2Ar=1)' ¢ » v 2—dalr—1)61+8
_ 12(2c+ 1) & da+q-?
old+_* |, ETANGIT-altileA Srosalrn el Fodelene gz
2(r-1} Asmbl p2-agir—1)8+8
Where A and B are two non-zero real constants and Satisfies 82— A% >0
(110)
12(2c+1)(20r 2d p) o°r o da+q
ua(x, t) = =
STgalr—1) g0l 2 6 p conn g
12(2c+1) .3 & dp+gq-*
- E e (113)
PEoaar— 1) sl ST g ey g
12(2c+1)(20r 2d p) &r o dp+g
us(x, t) = = =
= oo .
soshl’ &
2
_ 12(2c+1).dic. & da+g=t ve Pzl
&
o e —————— .
2.5mbl" o= cosnl’ £
B =
12(2c+1)(2dr 2d p) o'r o dp+q
uis(x, t)= S
e, y
ﬂ'tﬂ‘k ool 22—aglr—16)—p coshl  PE—ARW-LIEIEL  3_ggie—1)
_ 12(2c+1).di; o dp+g-* "
&
. P "
ELd asobl  »2—galr—1)6)—p coshl
12(2c+1){2dr 2d p) &'r d* dp+g
waalx, £)= e
alg+ -
—pasbl PT-AGI—IER  pT—dgqlr—1] cosh pT—aglr—liflE  pr—aglr—1)
12(2c+ 1) @ dptg-t
_ oo (114)
s , . & . . "
—pant, PT—Alr—IRk  pP—dglr—L} cochl p2—aglr—lil=  p2—dgk—1)
e e s et e v et e v e s ——— s

Abundant M-Fractional Exact Solutions for STO and (3 +
1)-Dimensional

12(2c + 1)(20r —2d —p) &~ —dptq

il 1) = — —

- =
&b ersil

—2p sinbl FT=Eal—1] eosndl

.
12(2c+1) dir—cf —gp+g ©

e e Eoren
7 e —— s —
2 siphi 222 ) oy £z o7 AGT—TT coakdl
= = B

(115)
TypaD2: When.p - 45(r- 1) < 0 and gr/= 0 (grg{r- 1) = 0),the Solutions of equation(73)
12(2c+ 1){2dr—2d - p) r—d* —gp+q
g+ H-p+  dlr- -5 =)
12(2c+1) dir—dF —gdp+g
alg+g [-p+ " ag(r= T =57 tanl —EE=E g

waslx ) =

+o (118)

12(2c+ 1)2er-2d—p) Fr-F-do+g
ald - He+ - T - 5 el S )
12(2c+1) Fr—F —gp+q ©

ala -2 [o+ " dalr= 11— & peorl, =)

wra(x, t) =

o (117)

12(2c+1)(20r 24 p) o of dp+g
glg+2]-p+ d4glr — 1) - Flwn( 4glr - 1) - g1 % sec( dglr — 1) - FI11)
12(2c+1).g3r o dp+g*
T ale +2l-p+ dglr =1 = peanl dglr - Ij= p%) = secl 4glr = 1] = 9111%

usfx 1) =

(118)

12(2c+1)28r 26 p) & i da+q
gld="go+ aqlr - 11— plcot] dalr -1 - g0 el 2alr — 1) - &
12(2c+10.g3r & do+g-*
EETEEICE TS S T S EET T S

uslx 1) =

(118)

oot T et = = ) = =Ty
il f) =gla+ {20+ " aalr - 1) - gltanl —ETITE g gy HHEE gy
, 12(2c+1) dr - —dptaq -

oo s 3lzp+ TSI el IR g oy s Ile? g

+o (120)

12020+ M2 20 gl or o da+g
ald+ tl-p+ = 1AT—Ellgir—il—pR—3 sl
xr gl ek
12(2c+1)dix o dp+g.?
F—TLi-pf—n aslr—1il=2% cosl sel—L—00) 3
Asnl dalr—1l—s%)e8

uis(x, £) =

£F ol dalr—il—p3E
-5

oo (121)

aar i+ =
r

12(2c = 1d2dr 2d @l o T do+g

el 1) =
R e sy
=

cos( agir—1) =38 g

_ | 12{2c+1ldr &F dp+gt )
gld+ *[-p— = [AT—Felllr—1—pied agirJ1-p® coal dglr—li—pi0) g
- Asnl  dgir—1)—p3Er8

oo

(122)

Where A and B are two non-zero real constants and Satisfies 4* - B2 =0

12(2c+ 1)(2dr— 2d —.p) FFr—f —gp+g
L=

— gcesi_ozoEE )

dalr—tl=p7 anl ETTE g oy S

12(2c+ 1) & da+g-t
- — +oo (123)

aalr—ti—pt o AT g p ooy BN

waslx, t) =

12(2c+1)(2dr 20 _p) o* dn+a
uzn(x t) = =

e EOTI e A
12(20+ 1)ar
ale , e T
=]

= S —
sbe  aqir—Li—p= cosl

—fair—ul—gt

—pasnl

+o (124)

—panl

12(2c+1)2dr 2d _p) o J* datg

waalx, 7)= -

ald = s )

Sglr—1l—p? oinl Sgbr—1l—piflee ool 4alr-l)-pfElE aglr—

12(2c+ 1) o dep+g-

— 3 +o (125)
atd— . s
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12(2¢+ 1)[2dr-2d—p) Fr-F —dp+q
ald+ ! et —‘”’"’"i:zm SAREoe
T casn(—Ssiem=s

waslx, €)=

[ j—
S dair—1—p%

Wt (127)

Type:03 When g = 0 and p(r — 1) /= 0 the solutions of equation

12(2c+ 1)(2dr-2d—p) Fr—F —dp+a

uzsx, t) = (d+ od

12(2¢+1).
d

dp+

q:
5 +o  (128)

Adszosblog) —elon(o8)]

12(2c+1)(2dr—2d - p) Fr—-F —-dp+q

vas(x, 1) =

12(2c+1) Fr-cF —da+q °

ald— aesimnien-sioniear~ T o 1149
Solution 04(Corresponding case 04)
Type:04 When (r-1) = 0 and g =p = 0 the solutions of equation(73)
a0y = 12020 Nl20r= 20— p) Froddgva
ald-
b=y
12(2c+1). s o dp+g-*
s +co  (130)
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